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In this paper we investigate the quantum dynamics of two spin-1 systems,~S1 and~S2, adopting a generalized
(~S1+~S2)2-nonconserving Heisenberg model. We show that, due to its symmetry property, the nine-dimensional
dynamics of the two qutrits exactly decouples into the direct sum of two sub-dynamics living in two orthogonal
four- and five-dimensional subspaces. Such a reduction is further strengthened by our central result consisting in
the fact that in the four-dimensional dynamically invariant subspace, the two qutrits quantum dynamics, with no
approximations, is equivalent to that of two non interacting spin 1/2’s. The interpretative advantages stemming
from such a remarkable and non-intuitive nesting are systematically exploited and various intriguing features
consequently emerging in the dynamics of the two qutrits are deeply scrutinised. The possibility of exploiting
the dynamical reduction brought to light in this paper for exactly treating as well time-dependent versions of
our Hamiltonian model is briefly discussed.
PACS numbers: 03.67.Ac, 03.67.Bg, 03.67.Lx, 42.50.Dv
I. INTRODUCTION
Interacting spin systems with s > 1/2 reveal a rich vari-
ety of phenomena in condensed matter and atomic physics.
For example, spin models with higher spin length may exhibit
novel topological phases described by a hidden order parame-
ter [1]. Moreover, various strongly interacting spin-boson sys-
tems can be mapped onto coupled spin models [2–4]. Apart
from the methods used to solve analytically various spin-1/2
systems, in general, models with s > 1/2 are highly complex
and do not permit analytical treatment.
In this paper we consider a system of two interacting spin-
1 systems denoted by S1 and S2, respectively living in the
Hilbert spaces H1 and H2, in a physical model described by
the time-independent Hamiltonian
ˆH = µB(g1Bz1 ˆSz1 + g2Bz2 ˆSz2)+ J0 ˆS1 · ˆS2 + ˆS1 ·D12 · ˆS2. (1)
The first two terms in Eq. (1) describe the interaction of the
two spins with two (generally different) parallel local mag-
netic fields oriented along the zˆ-axis, Bz1 and B
z
2, with the as-
sumption of scalar g-factors, g1 and g2. The third term rep-
resents the Heisenberg isotropic exchange interaction of cou-
pling strength J0, while the last term, through the second-order
traceless Cartesian tensor D12, accounts for symmetric spin-
spin anisotropic couplings stemming from the dipole-dipole
(d-d) interaction and anisotropic exchange interaction.
A part of the motivation for the present work stems from
the growing interest in qutrits – three-state quantum systems.
Qutrits, and qudits in general, offer numerous advantages
over qubits beyond the obvious exponential increase of their
Hilbert space. For example, qutrits allow to construct new
types of quantum protocols [5, 6] and entanglement [7], Bell
inequalities resistant to noise [8], larger violations of non-
locality [9], more secure quantum communication [10, 11],
optimization of the Hilbert space dimensionality vs. control
complexity [12], and others. To this end, efficient recipes for
manipulation of qutrits [13, 14] and qudits [15] have been pro-
posed.
Although we only consider two interacting spin-1 systems,
our model covers a broad range of physical situations. For
example, in solid state physics the coupling between two
molecules, which in their ground state possess a total angu-
lar momentum (effective spin) S = 1, is described using the
Hamiltonian model (1), with the proviso that spin-orbit effect
can be neglected [16]. An optical lattice of two wells, each
containing a single atom of spin 1, provides another possi-
ble physical scenario wherein manipulation of the atom-atom
coupling constants is within experimental reach [17]. In ad-
dition, the interaction between nanomagnets with a total spin
of 1, which is of great interest in quantum computing, is de-
scribed by the Hamiltonian model (1) [18]. Recently, it was
shown that the interaction between two separated nitrogen-
vacancy centres in diamond can be described by a Heisen-
berg spin-1 model [19]. Moreover, spin-1 models can be real-
ized in a linear ion crystal by using atomic species with three
metastable levels driven by laser fields [20, 21].
In this paper we investigate the quantum dynamics gener-
ated by the S2-nonconserving Hamiltonian model (1) where
S2 = (S1 + S2)2. Our main result is that the overall nine-
dimensional dynamics may be investigated into two, four-
and five-dimensional subspaces, of well-defined symmetry. In
the 4D-subspace the Hamiltonian ˆH may be mapped into the
Hamiltonian of two non-interacting spin- 12 systems. The con-
sequences of this remarkable reduction are deeply scrutinised,
and in particular, the time evolution of the entanglement be-
tween the two qutrits by evaluating the negativity of the com-
pound system.
The paper is organized as follows: In Secs. II and III we
present the spin-1 model and discuss its symmetry properties.
In Sec. IV we study the odd-parity 4D-subspace dynamics of
the model and show that it is equivalent to a single spin- 32
system. Based on this, in Sec. V we provide an analysis of
the entanglement negativity of the states, which belong to the
4D-subspace. In Sec. VI we discuss the properties of the even-
parity 5D-subspace, which is equivalent to a single spin-2 sys-
tem. Finally, in Sec. VII conclusive remarks are given together
2with a possible application of our treatment to Hamiltonian
models where the two qutrits are subjected to time-dependent
magnetic fields.
II. THE MODEL
Let’s suppose that our system possesses C2-symmetry with
respect to the zˆ direction. In this case the D12 matrix takes the
form
D12 =
dxx dxy 0dyx dyy 0
0 0 dzz
 (2)
and the Hamiltonian (1) may be written as
ˆH = h¯ω1 ˆΣz1 + h¯ω2 ˆΣ
z
2 + γx ˆΣx1 ˆΣx2 + γy ˆΣ
y
1
ˆΣy2 + γz ˆΣz1 ˆΣz2
+γxy ˆΣx1 ˆΣ
y
2 + γyx ˆΣ
y
1
ˆΣx2, (3)
where the Pauli operators ˆΣki (i = 1,2; k = x,y,z) for a spin-1
system are related with the spin-1 operator components as
ˆSxi =
h¯√
2
ˆΣxi , ˆS
y
i =
h¯√
2
ˆΣyi , ˆS
z
i = h¯ ˆΣ
z
i . (4)
The seven real parameters appearing in Eq. (3) are given by
ω1 = µBg1Bz1, ω2 = µBg2Bz2,
γx =
h¯2
2
(J0 + dxx), γy =
h¯2
2
(J0 + dyy), γz = h¯2(J0 + dzz),
γxy =
h¯2
2
dxy, γyx =
h¯2
2
dyx. (5)
In this paper we wish to keep the considerations as gen-
eral as possible, without the restrictions of a specific physical
situation. Hence hereafter we do not attribute any specific
symmetry constraints to the real parameters appearing in the
Hamiltonian model (3). In this manner, our model includes
several models in the literature as special cases. These include
the XXX (γx = γy = γz), XXZ (γx = γy) and XYZ models for two
qutrits subjected to an inhomogeneous magnetic field, gener-
alized with the inclusion of the Dzyaloshinskii-Moriya (DM)
interaction (γyx = −γxy) [22]. In addition, from our Hamilto-
nian model one may easily recover a lot of other models, e.g.,
the XX and XY models (γz = 0) with (or not) the contribu-
tion derived by the DM interaction and (or not) the presence
of a homogeneous or inhomogeneous magnetic field, recently
taken as starting point for investigating the appearance of ther-
mal entanglement in the system of two interacting qutrits [23–
25].
III. CANONICAL TRANSFORMATION OF ˆH BASED ON
SYMMETRY
The following symmetry transformation of ˆH{
ˆ
˜Σx1 =− ˆΣx1, ˆ˜Σy1 =− ˆΣy1, ˆ˜Σz1 = ˆΣz1,
ˆ
˜Σx2 =− ˆΣx2, ˆ˜Σy2 =− ˆΣy2, ˆ˜Σz2 = ˆΣz2,
(6)
is canonical, such that ˆH → ˆH, which implies the existence of
a unitary time-independent operator accomplishing the trans-
formation given by Eq. (6) which, by construction, is a con-
stant of motion. Because the transformation (6) is nothing but
a rotation of pi around the zˆ-axis of each spin, we can write the
unitary operator accomplishing this transformation as
ˆK = eipi ˆS
z
1/h¯⊗ eipi ˆSz2/h¯ = eipi ˆΣz1 ⊗ eipi ˆΣz2
= 1− 2[( ˆΣz1)2 +( ˆΣz2)2]+ 4( ˆΣz1)2( ˆΣz2)2. (7)
The matrix representation of the operator ˆK in the ordered
standard basis
{|11〉, |10〉, |1− 1〉, |01〉, |00〉, |0− 1〉, |−11〉, |−10〉, |−1− 1〉}
(8)
is diagonal,
ˆK =

1 0 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 −1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 −1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 0 1

. (9)
Equation (9) suggests the possibility of expressing ˆK as
ˆK = cos(pi ˆΣztot), (10)
with ˆΣztot = ˆΣz1 + ˆΣ
z
2 being the total spin of the composed sys-
tem along the z direction. Equation (10) shows that the con-
stant of motion ˆK is indeed a parity operator with respect to
the collective Pauli spin variable ˆΣztot, since in correspondence
to its integer eigenvalues M = 2,1,0,−1,−2, ˆK has eigenval-
ues +1 and -1 depending on the parity of M.
The existence of this constant of motion subdivides the 9D
Hilbert space of the system into two dynamically invariant and
orthogonal subspaces corresponding to the two eigenvalues +1
and -1 of ˆK. The subspace relative to K = 1 (K = −1), and
then to even (odd) values of M, will be hereafter referred to
as even- (odd-) parity subspace. It can be easily seen that the
unitary and hermitian operator
ˆU=

0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1

, (11)
3transforms the operator ˆK as follows
ˆK˜ = ˆU† ˆK ˆU=

−1 0 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0 0
0 0 −1 0 0 0 0 0 0
0 0 0 −1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

. (12)
As a consequence, by transforming ˆH into ˆH˜ = ˆU† ˆH ˆU, we
obtain a new Hamiltonian ˆH˜ whose matrix form consists of
two blocks, one of dimension 4, related to the eigenvalue -1
of the new constant of motion ˆK˜, and the other of dimension
five related to the eigenvalue +1 of ˆK˜, representing the two
orthogonal sub-dynamics. The new Hamiltonian ˆH˜ can be
written as
ˆH˜ = ˆP−1 ˆH˜ ˆP−1 + ˆP+1 ˆH˜ ˆP+1, (13)
where we introduced the hermitian operator ˆP−1 ( ˆP+1) project-
ing a generic state of the total Hilbert space H = H1 ⊗H2
into the K˜-invariant subspace H− (H+) relative to its eigen-
value -1 (+1) such that ˆP−1 ˆH˜ ˆP−1 ( ˆP+1 ˆH˜ ˆP+1) consists in the
upper (lower) block of ˆH˜, or better in a matrix with the same
dimension (9) of ˆH˜ but with non vanishing entries only in the
upper (lower) four (five) dimensional block.
It is worth noticing that the arguments leading to the possi-
bility of representing the Hamiltonian in accordance with Eq.
(13) hold their validity even for a more general Hamiltonian
model ˆHgen obtainable from ˆH adding terms commuting with
ˆK, e.g., ( ˆΣx1)2, ˆΣ
z
1(
ˆΣy2)
2 and ˆΣx1 ˆΣ
y
1
ˆΣy2 ˆΣ
x
2,
ˆHgen = ˆH + terms commuting with ˆK. (14)
However, we confine ourselves to the Hamiltonian model (3)
since it is comparatively more accessible in laboratory and in
addition, as we will show in the following sections, it gener-
ates interesting quantum dynamical behaviour.
Setting
Ω+ = ω1 +ω2,
Ω− = ω1−ω2,
γ1 = γx− γy− i(γxy + γyx),
γ2 = γx + γy + i(γxy− γyx), (15)
the 4× 4 block reads
H˜− ≡

h¯ω1 γ2 γ1 0
γ∗2 h¯ω2 0 γ1
γ∗1 0 −h¯ω2 γ2
0 γ∗1 γ∗2 −h¯ω1
 . (16)
The four states of the original basis are
|e1〉= |10〉, |e2〉= |01〉, |e3〉= |0− 1〉, |e4〉= |−10〉.
(17)
The lower block of ˆH˜ is represented by the 5× 5 matrix
H˜+ ≡

h¯Ω++ γz 0 γ1 0 0
0 h¯Ω−− γz γ2 0 0
γ∗1 γ∗2 0 γ2 γ1
0 0 γ∗2 −h¯Ω−− γz 0
0 0 γ∗1 0 −h¯Ω++ γz

(18)
where the five states of the original basis are
|e5〉= |11〉, |e6〉= |1− 1〉, |e7〉= |00〉,
|e8〉= |−11〉, |e9〉= |−1− 1〉. (19)
Equation (13) implies that the quantum dynamics of two
qutrits interacting according to the model of Eq. (3) factor-
izes into an effective spin- 32 system and an effective spin-2
system.
We note that the mathematical steps leading from Eq. (3) to
Eq. (13) reproduce analogous results even if we use, mutatis
mutandis, the same Hamiltonian model where qudits system-
atically substitute the appearing qutrits. Of course the dimen-
sions of the dynamically invariant subspaces existing in the
qudits case strictly depends on the dimension of the qudits
Hilbert space.
In the next section we will show that in the case of the
qutrits a further aspect of such reducibility of the quantum
dynamics of the system emerges, leading to physically trans-
parent and far-reaching consequences.
IV. FOUR DIMENSIONAL SUB-DYNAMICS
The eigenvectors of the Hamiltonian ˆH˜− (16) may be ex-
actly derived by solving the fourth degree relative secular
equation, getting |ψi〉 = ∑4k=1 αi,k|ek〉, where the coefficients
αi,k are given in Appendix A in Eqs A1, A2, A3, A4. The
corresponding eigenvalues are
E1 = E1 +E2, E2 = E1−E2, E3 =−E2, E4 =−E1,
(20)
where
E1 =
√
(h¯Ω+)2
4
+ |γ1|2, (21a)
E2 =
√
(h¯Ω−)2
4
+ |γ2|2. (21b)
The four eigenvalues of ˆH˜−, in view of Eq. (20), may be
obtained summing elements of the two pairs {E1,−E1} and
{E2,−E2} in all possible ways. This circumstance hints
that the quantum dynamics of the two qutrits restricted to
the four dimensional Hilbert subspace generated by |ek〉 with
k = 1,2,3,4, is traceable back to that of two effective non-
interacting spin- 12 systems, respectively described by two bi-
dimensional traceless Hamiltonians ˆH1 and ˆH2 with eigenval-
ues ±E1 and ±E2.
To verify this intuition we search for a mapping between
the two qutrits original basis states in (17) and the two spin-
1
2 basis, that is {|++〉, |+−〉, |−+〉, |−−〉}, in accordance to
4which the generic eigenstate |ψk〉 of ˆH˜− may be represented
as a tensorial product between an eigenstate of ˆH1 and an
eigenstate of ˆH2. Such a mapping consists simply in
|10〉 ↔ |++〉,
|01〉 ↔ |+−〉,
|0− 1〉 ↔ |−+〉,
|−10〉 ↔ |−−〉,
(22)
where we define the effective spin- 12 states as σ
z
i |±〉i =±|±〉i
with i = 1,2. Indeed, it’s straightforward to show that the
sub-dynamics of the two spin-1 systems interacting according
to (3), related to the ˆK˜-invariant subspace of dimension four
characterized by the eigenvalue K˜ =−1, may be reinterpreted
as the dynamics of two decoupled effective spin- 12 systems.
Indeed, we can write ˆH˜− as
ˆH˜− = ˆH1⊗ ˆ12 + ˆ11⊗ ˆH2, (23)
where we define
ˆH1 =
h¯(ω1 +ω2)
2
σˆ z1 +(γx− γy)σˆ x1 +(γxy + γyx)σˆ y1 , (24a)
ˆH2 =
h¯(ω1−ω2)
2
σˆ z2 +(γx + γy)σˆ x2 − (γxy− γyx)σˆ y2 . (24b)
The physical interpretation of this sub-dynamics in terms of
two spin- 12 systems is clear and direct: ˆH1 ( ˆH2) describes a fic-
titious spin- 12 system immersed in an effective magnetic field
~Beff1 (~Beff2 ) expressible as
~Beff1 =
(
(γx− γy),(γxy + γyx), h¯µ2 (g1B
z
1 + g2B
z
2)
)
,
~Beff2 =
(
(γx + γy),(γyx − γxy), h¯µ2 (g1B
z
1− g2Bz2)
)
, (25)
such that we have ˆH˜− = ∑2i=1~σi ·~Beffi .
Since ˆH˜− of Eq. (23) describes two decoupled spin- 12 sys-
tems, the eigenvectors of ˆH˜− may be written in the following
factorized form
H˜−→

|ψ11〉⊗ |ψ21〉 → |ψ1〉,
|ψ11〉⊗ |ψ22〉 → |ψ2〉,
|ψ12〉⊗ |ψ21〉 → |ψ3〉,
|ψ12〉⊗ |ψ22〉 → |ψ4〉,
(26)
where {|ψ〉11, |ψ〉12} ({|ψ〉21, |ψ〉22}) are the eigenvectors of
ˆH1 ( ˆH2) given explicitly in Appendix A. The corresponding
eigenenergies for each state are given by Eq. (20).
We emphasize that the two-qutrit systems may be prepared
in a state whose evolution is dominated by one admissible
Bohr frequency only exactly mappable in the time evolution
of a single spin- 12 system subjected to an appropriate magnetic
field (see Eq. (25)). In other words, the quantum dynam-
ics of two qutrits generated by the Hamiltonian (3) possesses
symmetry properties leading to such a peculiar dynamical be-
haviour. We note finally that, since the unitary operator ˆU
transforming ˆH into the direct sum of ˆH− and ˆH+ is indepen-
dent of time, in view of Ref. [30], having demonstrated that
the quantum dynamics induced by ˆH− may be traced back to
that of two effective spin- 12 systems might provide significant
advantages even when ˆH is time-dependent, at least in its 4D
dynamically invariant subspace.
A. States with a specific structure invariant in time
The odd-parity subspace of both ˆH and ˆHgen of Eq. (14)
is spanned by the eigenvectors {|10〉, |01〉, |0− 1〉, |−10〉} of
ˆΣztot. Inside such a subspace the two spin-1 systems may be
prepared in the following normalized generic superposition of
two (generic as well) eigenstates of ˆΣztot of eigenvalue M =±1
peculiarly sharing the same pair of amplitudes in the respec-
tive two sub-bases {|10〉, |01〉} and {|0− 1〉, |−10〉}, namely
|Ψ(0)〉= a
[
c|10〉+ d|01〉
]
+ b
[
c|0− 1〉+ d|−10〉
]
, (27)
where the four complex amplitudes ac,ad,bc,bd fulfil the
normalization condition
(|a|2 + |b|2)(|c|2 + |d|2) = 1. (28)
Eqs. (27) and (28) individuate a proper subclass of states (ini-
tial conditions) sharing a characterizing expansion structure in
the standard basis of the odd-parity subspace.
If the quantum dynamics of the two coupled spin-1 sys-
tems is governed by a Hamiltonian model ˆHgen, the initial state
given by Eq. (27) would evolve assuming the form
|Ψ(t)〉=a(t)
[
c(t)|10〉+ d(t)|01〉
]
+ b(t)
[
c′(t)|0− 1〉+ d′(t)|−10〉
]
,
(29)
with a(0) = a, b(0) = b, c(0) = c′(0) = c, d(0) = d′(0) = d
and where in general c(t) 6= c′(t) and d(t) 6= d′(t). Stated an-
other way, it is legitimate to claim that, under ˆHgen, the two
spin-1 systems initial state |Ψ(0)〉 evolves not preserving its
initial structure. This result is not surprising in view of the
fact that the four eigenvectors of ˆΣztot involved in the initial
state |Ψ(0)〉 are not eigenstates of ˆHgen. On this basis it ap-
pears rather unexpected that the time evolution of |Ψ(0)〉 de-
termined by the Hamiltonian model (3) adopted in this paper
imposes the special condition c(t) = c′(t) and d(t) = d′(t) at
any time instant t, namely
|Ψ(t)〉=a(t)
[
c(t)|10〉+ d(t)|01〉
]
+ b(t)
[
c(t)|0− 1〉+ d(t)|−10〉
]
.
(30)
This is indeed an interesting result meaning a sort of time in-
variance of the structure imposed to the initial state given by
Eq. (27). In the Appendix B we report the explicit expressions
of the coefficients a(t), b(t), c(t) and d(t).
The properties possessed by our Hamiltonian model and
brought to light in the introductive part of this section pro-
vide the basis for an easy interpretation of the result of Eq.
5(30), making transparent how the existence of effective spin- 12
sub-dynamics is reflected in the quantum dynamics of the two
spin-1 systems. Using the mapping expressed by Eq. (22), the
initial state |Ψ(0)〉 is indeed immediately seen to correspond
to the following factorized initial state of the two fictitious
spin-1/2 systems
|Ψ(0)〉=
[
a|+〉1 + b|−〉1
]
⊗
[
c|+〉2 + d|−〉2
]
. (31)
In view of Eq. (23), it’s then easy to deduce that this state
evolves into the state
|Ψ(t)〉=
[
a(t)|+〉1 + b(t)|−〉1
]
⊗
[
c(t)|+〉2 + d(t)|−〉2
]
,
(32)
clearly keeping its initial factorization at any time instant t.
Looking at Eq. (28) one might wonder whether the state of
each effective spin-1/2 systems should be subjected to its own
normalization condition, that is whether one should require
|a|2 + |b|2 = 1 together with |c|2 + |d|2 = 1. The answer is
negative since the only probabilities we are indeed interested
in, that is of experimental meaning for our system, are the
joint probabilities relative to the two spin-1/2 systems. This
consideration of course complies with Eq. (28).
In order to better appreciate and strengthen the interplay
between the quantum dynamics of the two spin-1 systems and
that of the two spin-1/2 systems in the odd-parity subspace of
the total Hilbert space H , we now evaluate and discuss the
time dependence of the mean value of some exemplary and
transparent physical observables of the two spin-1 systems on
the state |Ψ(t)〉 given in Eq. (30).
It is possible to demonstrate that at any time instant t
〈Ψ(t)| ˆSz1 + ˆSz2|Ψ(t)〉= h¯
|a(t)|2−|b(t)|2
|a(t)|2 + |b(t)|2 , (33a)
〈Ψ(t)| ˆSz1− ˆSz2|Ψ(t)〉= h¯
|c(t)|2−|d(t)|2
|c(t)|2 + |d(t)|2 , (33b)
where a(t),b(t),c(t),d(t) are given in Appendix B. The right-
hand-side expressions of these two equations suggest an in-
terpretation in terms of mean values of appropriate “physical
observables” related to the two spin-1/2 systems on the state
|Ψ(t)〉 given in (32). It is indeed easy to persuade oneself that
|a(t)|2−|b(t)|2
|a(t)|2 + |b(t)|2 = 〈Ψ(t)|σˆ
z
1|Ψ(t)〉, (34a)
|c(t)|2−|d(t)|2
|c(t)|2 + |d(t)|2 = 〈Ψ(t)|σˆ
z
2|Ψ(t)〉. (34b)
Equation (34a) clearly discloses that the temporal behaviour
of the total magnetization of the compound spin-1 systems
is entirely traceable back to the time dependence of the z-
component of the first fictitious spin-1/2 systems. This asym-
metry may be fully understood with the help of Eq. (30) ob-
serving that a(t) and b(t) are proportional to the time depen-
dent amplitudes of measuring the maximum and the minimum
admissible value of ˆSz ≡ ˆSz1 + ˆSz2 respectively, provided one
takes appropriately into account Eq. (28). Equation (34b)
transparently relates the time dependence of ˆSz1 − ˆSz2 to the
time evolution of the mean value of the z-component of the
second fictitious spin-1/2 system. It is possible to capture the
origin of such a result changing the role of a(t) and b(t) with
that of c(t) and d(t) respectively which amounts at rewriting
Eq. (30) as follows
|Ψ(t)〉=c(t)
[
a(t)|10〉+ b(t)|0− 1〉
]
+ d(t)
[
a(t)|01〉+ b(t)|−10〉
]
.
(35)
Applying to this equation the same arguments used for inter-
preting Eq. (34a) we easily appreciate the interplay between
the mean value of ˆSz1− ˆSz2 and that of σˆ z2 at any time instant.
It is worth noting that when the amplitudes a and b (c and d)
appearing in Eq. (31) are fixed in such a way that |Ψ(0)〉 is an
eigenstate of ˆH1⊗12 (11⊗ ˆH2) then the mean value of ˆSz1(t)+
ˆSz2(t) ( ˆSz1(t)− ˆSz2(t)) does not evolve in time even if the mean
values of ˆSz1(t) and ˆS
z
2(t) evolve in time (unless this special
choice is simultaneously made for both the amplitude pairs
(a, b) and (c, d)). We in addition emphasize that, once more
as a consequence of the sub-dynamics exhibited by ˆH in the
odd-parity 4D subspace, the mean value of the magnetization
of the compound system exhibits sinusoidal oscillations at the
frequency 2E1h¯ where E1 is given by Eq. (21a). This behaviour
is directly related to Eqs. (33a) and (34a) and occurs whatever
the initial state of the two spin-1 systems, as expressed by Eqs.
(27) and (28), is (with the exception of the particular initial
states previously considered, namely when |Ψ(0)〉 is mapped
into |Ψ(0)〉 eigenstate of ˆH1⊗12).
In order to illustrate this time dependence of the magneti-
zation let us assume for simplicity that the initial state is given
by Eq. (27) characterized by equal amplitudes, namely
a(0) = b(0) = c(0) = d(0) = 1√
2
. (36)
Under such condition it is easy to get
〈 ˆSz(t)〉= A(ρ1)cos
(1+ρ21
ρ1
τ−φ(ρ1)
)
+C(ρ1), (37)
with
τ =
|γ1|t
h¯ ; ρ1 =
ε1
|γ1| ;
cos(φ(ρ1)) = −C(ρ1)A(ρ1) ; sin(φ(ρ1)) =
B(ρ1)
A(ρ1)
;
A(ρ1) =
√
B2 +C2;
B(ρ1) =
2ρ1
ρ21 + 1
Im[γ1]
|γ1| ;
C(ρ1) =
2ρ1(ρ21 − 1)
ρ21 + 1
Re[γ1]
|γ1| .
(38)
where ε j and γ j ( j = 1,2) are defined in Eq. A2 and Eq. (15),
respectively.
We note that, in view of Eqs. (37) and (38) and also taking
into account the ρ-dependence of ε1, increasing the external
6parameter Ω+ = ω1 +ω2 which amounts at appropriately act-
ing upon the magnitudes of the two magnetic fields Bz1 and
Bz2, the amplitude of the magnetization oscillations increases
from 0 to
√
1− Re[γ1]|γ1| when ρ goes from 0 to 1, then decreas-
ing and asymptotically vanishing for large ρ1. At the same
time the frequency of these oscillations goes down to its mini-
mum value 2 (adimensional frequency with respect to the adi-
mensional τ) and then increases asymptotically as ρ1. It is
worth noticing that both the amplitude and the frequency of
the magnetization are invariant under the change of ρ with 1ρ .
Looking at φ(ρ1) we may instead easily deduce that under the
same change of ρ this phase constant undergoes a change of
pi .
In Fig. 1 these features characterizing the time behaviour of
the magnetization are plotted against the dimensionless time
τ for the following exemplary values of ρ1 while keeping γ1
invariant:
ρ1 = 10,1,0.1; Re[γ1] =
3
5 |γ1|. (39)
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Figure 1: Time dependence of 〈 ˆSz(t)〉 starting from the initial state
written in Eq. (27) under the conditions (36) and (39).
The features exhibited by the time evolution of 〈 ˆSz〉 may be
physically understood tracing back to the coincidence exist-
ing between such time behaviour and that of the mean value
of the Pauli matrix σˆ z1 relative to the first of the two ficti-
tious spin 1/2, as clearly expressed by Eq. (34a). It is in-
deed possible to demonstrate that changing the magnetic field
Beff1 ≡ (Beff1x ,Beff1y ,Beff1z ) to the related magnetic field
˜Beff1 ≡
(√Beff1z −|Beff1 |
2
,
√
Beff1z −|Beff1 |
2
,√
(Beff1x )2 +(B
eff
1y )
2−|Beff1 |
) (40)
realizes in physical terms the change from ρ into 1ρ1 . At the
same time it is possible to show that the first fictitious spin
1/2 driven by ˜Beff1 exhibits a sinusoidal time evolution for the
mean value of σˆ z1 coincident with that the first spin 1/2 would
have under Beff1 , except for the emergence of a difference of
phase of pi .
Figure 2 instead reports the time behaviour of ˆSz1(t), ˆS
z
2(t)
and ˆSz1(t)+ ˆS
z
2(t)≡ ˆSz(t) assuming the two spin-1 system ini-
tially prepared in the following state
ε1
(|10〉+ |01〉)+ γ∗1(|0− 1〉+ |−10〉)√
2
(
ε212 + |γ1|2
) (41)
that is, in terms of the two spin 1/2’s
|ψ11〉⊗ |+〉2 + |−〉2√2 . (42)
The quantity ε1 and the eigenstate |ψ11〉 of ˆH1 are defined in
Appendix B.
Figure 2 displays the time independence of the magnetiza-
tion in the evolution of the system from its initial state (41)
together with the time dependence of ˆSz1(t) and ˆS
z
2(t) which
manifests clearly that the initial state is not a stationary state
of ˆH. The time invariance of ˆSz(t) is certainly traceable back
to the stationariness of the first fictitious spin-1/2 system.
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Figure 2: Time dependence of 〈 ˆSz(t)〉 (continue green line), 〈 ˆSz1(t)〉
(dotted blue line) and 〈 ˆSz2(t)〉 (red dashed line) starting from the ini-
tial state written in Eq. (41).
V. NEGATIVITY OF THE TWO QUTRITS IN THEIR
FOUR DIMENSIONAL SUBSPACE
In this section we wish to study the negativity, introduced
by G. Vidal and R. F. Werner in [26], possessed by the two
qutrits system in a generic pure state belonging to their four
dimensional dynamically invariant subspace H− and to in-
vestigate the emergence of a peculiar behaviour in the time
evolution of such a parameter adoptable to measure the entan-
glement get established between the two spins. The negativity
of a bipartite system constituted by two qudits whose individ-
ual Hilbert spaces have dimension d1 and d2 respectively may
be defined as [28]
Nρˆ =
||ρˆTB ||1− 1
d− 1 , (43)
where d = min{d1,d2} and ρˆTB is the partial transpose of the
matrix ρ representing the state of the total system (A+B) with
respect to the subsystem B. The symbol || · ||1 is the trace
norm which, for a hermitian matrix, is nothing but the sum of
the absolute values of its eigenvalues. As a consequence the
7negativity of a state ρ is simply the sum of the absolute values
of the negative eigenvalues of ρTB which is hermitian and such
that Tr{ρTB}= 1. The value of Nρˆ ranges from 0 to 1 [28] and
is independent of the factorized orthonormal basis we choose
to represent the matrix ρˆ . In addition Nρˆ is independent of
the subsystem with respect to which we choose to calculate
the partial transpose, given the properties (ρˆTA)T = ρˆTB and
||X ||1 = ||XT ||1 for any operator X .
A generic pure state ρˆ = |Ψ〉 〈Ψ| belonging to H− may be
expanded as |Ψ〉=∑4k=1 ck |ek〉 (∑4k=1 |ck|2 = 1) in view of Eq.
(17). The corresponding eigenvalues of ρˆT2 are
ϒ1 = 1− x, ϒ2 = x,
ϒ3 =
√
x(1− x), ϒ4 =−ϒ3, (44)
with x = |c1|2 + |c4|2. Therefore, the negativity of a generic
pure state can be written as
Nρˆ =
√
x(1− x), (45)
which is well defined (since x ∈ [0,1]) and reaches its max-
imum value N maxρˆ = 1/2 at x = 1/2. Thus in the four di-
mensional dynamically invariant subspace of ˆH the negativity
exhibited by the two coupled qutrits in a pure state reaches
1/2 as upper limit. Consequently, the negativity of the two
qutrits, since a generic mixed state ρˆ = ∑4r=1 pr|ψr〉〈ψr| with
|ψr〉 in H− and (∑4r=1 pr = 1, pr ≥ 0), possesses the same up-
per bound 1/2 since [26]
Nρˆ
(
∑
r
|ψr〉〈ψr|
)
≤∑
r
prNρˆ(|ψr〉〈ψr|)≤
1
2
. (46)
The existence of a such an upper limit is directly traceable
back to the circumstance, easily demonstrable, that every pure
state in H− possesses a Schmidt decomposition with at most
two non-vanishing Schmidt coefficients, namely k1 and k2 ex-
pressible as
k1 =
√
|c2|2 + |c3|2, k2 =
√
|c1|2 + |c4|2, k3 = 0. (47)
When k1k2 > 0 the Concurrence (C(|ψ〉)) of two qutrits intro-
duced by Cereceda [29] reaches its maximum value
√
3
2 and
since in such a case [28]
C(|ψ〉) =
√
3N (|ψ〉), (48)
an upper bound for the Negativity equal to 12 emerges in ac-
cordance with our previous conclusion. Thus no pure state in
H− exhibits maximum entanglement (C(|ψ〉) = 1).
It’s possible to show that a generic normalized entangled
state of the two qutrits in H−, saturating the negativity at the
value Nρ = 12 , up to a global phase factor, may be parametri-
cally represented as
|Ψ〉N = 1√2
[(
cos(θ )|1〉+ eiφ sin(θ )|−1〉
)
1
⊗|0〉2
+eiΦ|0〉1⊗
(
cos(θ ′)|1〉+ eiφ ′ sin(θ ′)|−1〉
)
2
]
.(49)
where θ , θ ′, φ , φ ′ and Φ freely run in [0,2pi ].
We stress that the existence of the upper bound 1/2 for the
Negativity of a generic pure state belonging to H− cannot be
extended to H . It is easy to persuade oneself of this proposi-
tion considering the pure normalized state
1√
3
(|11〉+ |00〉+ |−1− 1〉)≡ ˜k1|11〉+ ˜k0|00〉+ ˜k−1|−1− 1〉
(50)
Since it is in the Schmidt form, we might write its negativity
as follows [Rai o Cereceda]
N = ˜k1 ˜k0 + ˜k1˜k−1 + ˜k0 ˜k−1 = 1 (51)
which means maximum entanglement.
We point out the possibility that in the parameter space of
the Hamiltonian model given by Eq. (3) there might exist spe-
cific examples, built diminishing the number of independent
parameters appearing in ˆH, with eigenvectors in H− belong-
ing to the class of states expressed by Eq. (49). We do not in-
vestigate this possibility in its generality confining ourselves
to a noticeable example whose four eigenvectors in H− are all
states of maximum (1/2) negativity. To this end we claim that,
when ω1 = ω2 (homogeneous magnetic field) and γxy = γyx
(when the C2-symmetric tensor D12 is symmetric), the four
eigenvectors in H− of the corresponding Hamiltonian model
exhibit Nρ = 12 , meaning that each of them may be written in
the form (49) where θ = θ ′, φ and Φ are appropriate expres-
sions of the parameters in H.
A. Pure states of H− saturating Nρˆ and evolving with one
Bohr frequency only
In this section we are going to investigate the negativity of
a special class of pure states of H− by exploiting the advan-
tages stemming from the possibility of describing the four di-
mensional dynamics of the two spin 1 system in terms of two
decoupled spin 1/2’s. We concentrate on the set of pure states
of H− whose evolution is dominated by one admissible Bohr
frequency only. This set consists of any pure state expressible
as linear superposition of right two eigenstates of ˜H− in Eq.
(16). Exploiting the mapping postulated by Eq. (22) we are
allowed to use the language of the two fictitious spin 1/2’s to
fully characterize this set of pure states of the two spin 1’s.
To this end it is useful to consider two classes of states. The
first one simply encompasses non stationary, normalized and
factorized, states of the two spin 1/2’s wherein one and only
one of them is stationary, that is
|ψ11〉⊗
(ζ |+〉2 + ξ |−〉2), |ψ12〉⊗ (ζ |+〉2 + ξ |−〉2),(ζ |+〉1 + ξ |−〉1)⊗|ψ21〉, (ζ |+〉1 + ξ |−〉1)⊗|ψ22〉.(52)
ξ and ζ being complex coefficients fulfilling the normaliza-
tion condition for the two spin 1/2 state. Besides the states
described by Eq. (52) there exist non factorizable, normalized
states of the two fictitious spin 1/2’s generating as well states
of the two spin 1’s whose evolution is once more dominated
8by an admissible Bohr frequency only. This second class may
be represented as follows
a|ψ11〉|ψ21〉+ b|ψ12〉|ψ22〉,
a|ψ11〉|ψ22〉+ b|ψ12〉|ψ21〉,
(53)
a and b satisfying normalization condition for the compound
system. It is easy to convince oneself that, with the help of Eq.
(22), Eqs. (52) and (53) generate all and only the six linear
combinations of pairs of stationary states of the two spin 1’s,
evolving with one Bohr frequency only out of a set of four
admissible characteristic Bohr frequencies get in accordance
with Eq. (20). Thus, the language of the two spin 1/2’s whose
dynamics is governed by the Hamiltonian ˜H− given by Eq.
(23) provides a simple way for individuating in H− all the
states of interest in this section with the foreseeable advantage
of reducing the quantum dynamics of the two qutrits to that of
one or two qubits.
We begin analysing the negativity of the states described by
Eq. (52). With the help of Eq. (22) it’s possible to demonstrate
that the following condition
|ζ |2 = |ξ |2 = 1
2
(54)
characterizes the subset of this first class having Nρ = 1/2.
The coefficients γ1 and γ2 are defined in Eqs. (15), while ε j
may be expressed in terms of the coupling constants and the
frequencies appearing in the Hamiltonian model (3) as follows
ε j =
h¯
(
ω1− (−1) jω2
)
2
+E j. (55)
The subset fulfilling condition (54) may be represented by
the following four ( j = 1,2) parametric (Φ ∈ [0,2pi ]) states of
the two spin 1 system
|Ψ11〉=
ε1
(
|10〉+ eiΦ|01〉
)
+ γ∗1
(
|0− 1〉+ eiΦ|−10〉
)
√
2(ε21 + |γ1|2)
,
(56a)
|Ψ12〉=
γ2
(
|10〉+ eiΦ|01〉
)
− ε1
(
|0− 1〉+ eiΦ|−10〉
)
√
2(ε21 + |γ1|2)
,
(56b)
|Ψ21〉=
ε2
(
|10〉+ eiΦ|0− 1〉
)
+ γ∗2
(
|01〉+ eiΦ|−10〉
)
√
2(ε22 + |γ2|2)
(56c)
|Ψ22〉=
γ2
(
|10〉+ eiΦ|0− 1〉
)
− ε2
(
|01〉+ eiΦ|−10〉
)
√
2(ε22 + |γ2|2)
.
(56d)
We emphasize that the existence of a maximum for the neg-
ativity of a pure state belonging to H− is a property of such a
subspace meaning that a pure state which cannot be expanded
in the basis given in Eq. (17) might possess negativity higher
than 1/2 as it happens for example for the state in Eq. (50),
orthogonal to H−.
The time evolution of the negativity of the two spin 1 sys-
tem prepared in the state |Ψ11〉 with Φ = 0 is reported in Fig.
3 which exhibits a double periodic return to the condition of
maximum negativity.
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Figure 3: Time evolution of Nρˆ (t) when the two spin 1 system is ini-
tially prepared in the state |Ψ11〉 in (56a) with Φ = 0; the parameter
space region is individuated by h¯Ω+2|γ1| = 1 and Re[γ1] =
3
5 |γ1|.
To interpret this behaviour, in Fig. 4 we plot x(t)+ 1/2 si-
multaneously with |〈Ψ11(0)|Ψ11(t)〉| evidencing the periodic
return of the system to its initial condition as well as the pe-
riodic involvement of another state of maximum negativity.
It is possible to show that under the condition represented in
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Figure 4: Plot of x(t)+ 1/2 (blue dotted line) and 〈Ψ11(0)|Ψ11(t)〉
(green dot-dashed line) where |Ψ11(0)〉 is the initial condition cor-
responding to |Ψ11〉 in (56a) with Φ = 0 and Ψ11(t) is the related
evolved state. The plot shows that at the time instants τ2 = kpi
(k = 0,1,2, . . . ) the two spin 1 system comes back to its initial con-
dition.
Fig. 3 the state of Nρ = 1/2, different from the initial one
periodically reached by the system, is of the form (56a) with
Φ ≃ 0.28.
The states belonging to the first class parametrically ex-
pressed by Eq. (52), besides reaching the maximum admis-
sible value of negativity cannot go below a minimum non
vanishing value of the same negativity which can be easily
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Figure 5: Plot of x(t) + 1/2 (blue dotted line), 〈Ψ11(0)|Ψ11(t)〉
(green dot-dashed line) and 〈Ψ11(Φ)|Ψ11(t)〉 (red dashed line)
where |Ψ11(0)〉 is the initial condition corresponding to |Ψ11〉 in
(56a) with Φ = 0, Ψ11(t) is the related evolved state and |Ψ11(Φ)〉 is
the state corresponding to |Ψ11〉 in (56a) with Φ ≃ 0.28. The plot
shows that the second point in which x(t) = Nρˆ (t) = 1/2 corre-
sponds to the state |Ψ(Φ)〉.
calculated to be
N
min
ρˆ =
ε j |γ j|
ε2j + |γ j|2
=
ρ j
1+ρ2j
. (57)
with ρ j = ε j|γ j | ( j = 1,2).
This minimum value is assumed in correspondence to the
following eight states of the two spin 1/2’s
|ψ1 j〉⊗ |+〉, |ψ1 j〉⊗ |−〉, (58a)
|+〉1⊗|ψ2 j〉, |−〉1⊗|ψ2 j〉, (58b)
with j = 1,2.
The condition on ζ and ξ generating these states of min-
imum negativity from the set described by Eq. (52) may be
easily expressed in the form ζξ = 0 provided |ζ |2 + |ξ |2 = 1.
Summing up, the negativity of a generic pure state belong-
ing to the class given by Eq. (52) possesses an upper bound
less than 1 (precisely 1/2) and a lower bound, strictly positive,
given by Eq. (57).
The amplitude of the negativity oscillations exhibited by
|Ψ11〉 is generally Φ-dependent. One might then wonder
whether there exist values of Φ for which such an amplitude
reaches its maximum possible value: 12 − ε1|γ1|ε21+|γ1|2 , or in other
terms, whether the evolved state coincides, up to a global
phase factor, with the state |ψ11〉 ⊗ |σ〉 with |σ〉 = |+〉2 or
|σ〉 = |−〉2, in accordance with Eq. (58). We find that the
positive or negative answer to such a question depends on the
appropriate choice of the region of the parameters space re-
lated to the Hamiltonian model depending on the initial state.
To appreciate this point we start from the particular couple
of states
|ψ11〉⊗ |±〉2, (59)
having minimum negativity and sharing the stationary state of
the first fictitious spin 1/2.
We now seek the times at which the negativity restores
its initial value as well as the times at which it reaches its
maximum value 1/2. Since we are considering pure states
evolving with one Bohr frequency only, the function x(t) =
|c1(t)|2 + |c4(t)|2 is periodic and then we are sure that the
equation x(t) = x(0) admits infinitely many solutions. This
conclusion is valid in every point of the parameter space of
the Hamiltonian model.
Concerning whether the system reaches states of maximum
negativity we solve the equation x(t) = 1/2 which assumes,
for both states (59), the same simple form
sin2(τ2) =
(1+ρ22)2
8ρ22
≡ |s|2, (60)
with τ2 = E2th¯ and ρ2 =
ε2
|γ2| . We note that in view of Eq. (55),
the adimensional parameter ρ2 is strictly positive and that Eq.
(60) is solvable only in the ρ2-interval [
√
2−1,√2+1]. Thus
only when the two spin 1’s are in a well confined region of
the parameter space of the Hamiltonian (3) the time evolu-
tion of the states (59) exhibits negativity oscillations of period
pi from their common ρ1-dependent minimum value to their
maximum value (1/2), as displayed in Figs. 6, 7 and 8 where
the negativity of both states |ψ〉11⊗|±〉 is reported for exem-
plary different values of ρ2. In these plots we fix ρ1 = 1+
√
2
determining the same minimum value of the negativity.
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Figure 6: Time evolution of Nρˆ when the two spin 1 system is ini-
tially prepared in the states correspondent to the states |ψ1 j〉⊗ |±〉
( j = 1,2) of the two fictitious spin 1/2; the parameters space region
is identified by ρ1 = 1+
√
2 and ρ2 ≃ 1.7.
The time interval between the two time instants at which
x(t) = 1/2 in any complete oscillation is pi − 2arccos(|s|)
whereas the relative midpoints are pi/2 + kpi , with k =
0,1,2, . . . . It is worth noticing the disappearance of the sec-
ondary minima when ρ2 assumes its highest possible value
1+
√
2. Moreover, we observe from Figs. 6 and 7 that the
closer ρ2 is to 1 and the deeper the secondary minima in the
midpoints (pi/2+ kpi , k = 0,1,2, . . . ) are. Fig. 8 shows that
when ρ2 = 1 the two spin 1 system recovers its initial nega-
tivity with periodicity pi/2. It is possible to show that with
periodicity pi the two spin 1 system comes back to its ini-
tial state too and that, under the special condition ρ2 = 1, the
10
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Figure 7: Time evolution of Nρˆ when the two spin 1 system is ini-
tially prepared in the states correspondent to the states |ψ1 j〉⊗ |±〉
( j = 1,2) of the two fictitious spin 1/2; the parameters space region
is identified by ρ1 = 1+
√
2 and ρ2 ≃ 1.3.
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Figure 8: Time evolution of Nρˆ when the two spin 1 system is ini-
tially prepared in the states correspondent to the states |ψ1 j〉⊗ |±〉
( j = 1,2) of the two fictitious spin 1/2; the parameters space region
is identified by ρ1 = 1+
√
2 and ρ2 = 1.
state of minimum negativity reached at pi/2 is |ψ〉11 ⊗ |−〉
(|ψ〉11⊗|+〉) starting from |ψ〉11⊗|+〉 (|ψ〉11⊗|−〉).
It is of relevance to observe that the negativity of states (59)
is invariant under the change of ρ1 with 1/ρ1 and of ρ2 with
1/ρ2. As a consequence the plot 6 coincides with the one
referred to ρ1 =
√
2− 1 and ρ2 ≃ 1/2. This characteristic
invariance of the negativity time evolution is a consequence of
the way ˆH changes under the canonical transformation ˆΣxi →
ˆΣxi , ˆΣ
y
i → − ˆΣyi , ˆΣzi → − ˆΣzi , describing a rotation of pi around
the x-axis.
Had we started from the pair of states of minimum nega-
tivity |ψ〉12 ⊗ |±〉 we should have derived exactly the same
equation (60) as well as figures coincident with Figs. 6, 7 and
8.
It’s worth noticing that analogous considerations may be
developed for the other four states given in Eq. (58b) with
comparable conclusions concerning the time behaviour of the
relative negativity. This time however ρ2 must be replaced by
ρ1 = ε1|γ1| and the relevant adimensional time becomes τ1 =
E1t
h¯ .
The time instants at which Nρ = 1/2 satisfies an equation
like (60), mutatis mutandis, and thus the admissible domain
for ρ2 coincides with that of ρ1.
We stress that, even if the domain of variability of ρ1 and ρ2
is the same, each of them indeed singles out a proper region
in the parameter space of ˆH. It turns out that these two re-
gions overlap originating Hamiltonian models whose param-
eters satisfies the domain conditions for both ρ1 and ρ2. In
such a common region of the parameter space it then happens
that all the eight states of minimum negativity, as given by
Eqs. (58), evolve exploring the full domain of the negativity
compatible with H−.
In Figs. 9, 10 and 11 we plot the time evolution of Nρ(t)
when the system is initially prepared in the states |±〉⊗ |ψ2 j〉
( j = 1,2) assuming ρ1 = 1+
√
2 and the same three values for
ρ2 given it as before. We notice that, differently from Figs.
6, 7 and 8, Figs. 9, 10 and 11 display a ρ2-dependent level
of the minimum negativity and the disappearance of all the
secondary minima since ρ1 = 1+
√
2 in the three cases.
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Figure 9: Time evolution of Nρˆ when the two spin 1 system is ini-
tially prepared in the states correspondent to the states |±〉⊗ |ψ2 j〉
( j = 1,2) of the two fictitious spin 1/2; the parameters space region
is identified by ρ1 = 1+
√
2 and ρ2 ≃ 1.7.
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Figure 10: Time evolution of Nρˆ when the two spin 1 system is
initially prepared in the states correspondent to the states |±〉⊗|ψ2 j〉
( j = 1,2) of the two fictitious spin 1/2; the parameters space region
is identified by ρ1 = 1+
√
2 and ρ2 ≃ 1.3.
Fig. 11 shows the remarkable invariance of the negativity
with time when ρ2 = 1. This fact may be immediately under-
stood observing that, in view of Eq. (57), N minρˆ = N Maxρˆ =
1/2 for all the four states |±〉⊗|ψ2 j〉 ( j = 1,2). We emphasize
the time invariance of negativity against the non stationarity of
these initial states.
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Figure 11: Time evolution of Nρˆ when the two spin 1 system is
initially prepared in the states correspondent to the states |±〉⊗|ψ2 j〉
( j = 1,2) of the two fictitious spin 1/2; the parameters space region
is identified by ρ1 = 1+
√
2 and ρ2 = 1.
VI. FIVE DIMENSIONAL DYNAMICS
As shown in Sec. (III) the quantum dynamics of the two
coupled spin-1 systems is reducible to two quantum sub-
dynamics, the first one described by Eq. (16) and second one
by Eq. (18). The lucky mathematical occurrence leading us to
trace back the quantum dynamics of the two spin-1 systems to
that of two non interacting spin-1/2 systems in the four dimen-
sional invariant subspace cannot emerge in the other invariant
subspace essentially because its dimension 5 is a prime num-
ber. Then, in the spirit of the previous section, the only obser-
vation we may do is that in such five dimensional subspace the
quantum dynamics of the two spin-1 systems may be mapped
into that of a spin-2. Unfortunately the effective (through an
appropriate mapping) representation of ˆH˜5 in terms of a spin-
2 operators is very involved appearing strongly non linear and
practically impossible to be related to a convincing physical
scenario. This is why we do not proceed further along this di-
rection confining ourselves to the consideration of particular
conditions easily providing the possibility of extracting useful
properties possessed by our model.
The first aspect related to the model deserving attention is
that by comparing the reduced matrices given by Eqs. (16)
and (18) it is possible to note that the parameter γz influences
the sub-dynamics in the five dimensional dynamically invari-
ant subspace of ˆH only. As a consequence we may choose
specific values of this parameter without modifying the dy-
namical properties of the system in the four dimensional dy-
namically invariant subspace. It is possible to convince one-
self that for γz = 0 the eigensolutions of H˜+ may be exactly
found and are given in Appendix C.
Furthermore, it is possible to verify that if we assume
{γx = γy = γ
γxy =−γyx = Dz
(61)
the five dimensional block is reduced into two one dimen-
sional block and a three dimensional one as it can be appreci-
ated from what follows
Ω++ γz 0 0 0 0
0 Ω−− γz 2(γ + iDz) 0 0
0 2(γ− iDz) 0 2(γ + iDz) 0
0 0 2(γ− iDz) −Ω−− γz 0
0 0 0 0 −Ω++ γz
 .
(62)
The previous specific conditions (61) have a clear interest-
ing physical meaning: the first condition imposes an isotropic
XY -exchange interaction while the second one takes into ac-
count the antisymmetric exchange or Dzyaloshinskii-Moriya
interaction D · ( ˆS1 × ˆS2) with D ≡ (0,0,Dz). This model is
well known in literature and was studied in connection with
the properties of thermal entanglement [22].
It is interesting to point out, moreover, that, in this instance,
the three dimensional block may be described in terms of the
single spin 1 Pauli operators defined in Eq. (4) and the relative
Hamiltonian precisely reads
ˆH˜3 = 2γ ˆΣx− 2Dz ˆΣy +Ω− ˆΣz− γz( ˆΣz)2. (63)
We see immediately that putting γz = 0 we have a SU(2)
three dimensional fictitious sub-dynamics of a single spin
1 subjected to the effective external magnetic field B1 ≡
(2γ,2Dz,Ω−), so that we may write ˆH˜3 = ∑ j B j1 · ˆΣ j. This
observation is particularly significant at the light of the in-
terplay between the new results obtained for SU(2) bidimen-
sional time dependent dynamics [30] [31] with the results re-
ported in Ref. [32]. In this way, under the conditions (61)
and γz = 0, we may study analytically and know exactly the
five dimensional sub-dynamics of the two spin 1 systems also
in a time dependent scenario, more precisely when the two
magnetic fields are time dependent, so that we have ω1(t) and
ω2(t). This target is, however, out of the scope of this paper.
It is worth to point out, finally, that the conditions (61), con-
trary to the conditions on γz, modify the dynamics in the four
dimensional subspace, too. In this instance, indeed, we ob-
tain a four dimensional sub-dynamics of the two spin 1’s well
described in terms of two decoupled fictitious spin 1/2’s in
which the first spin is subjected to a magnetic field only in the
z-direction while the second spin is immersed in a magnetic
field having a direction depending on the coupling parameters
of the model. It can be appreciated and easily verified from
Eqs. (24) providing conditions (61). Therefore under condi-
tions (61) both the sub-dynamics are exactly treatable or in
other words the full model may be exactly solved.
VII. CONCLUSIVE REMARKS AND OUTLOOKS
In this paper we have examined the quantum dynamics of
two spin 1’s coupled in accordance with the generalized ˆS2-
non conserving Heisenberg Hamiltonian model ˆH given in
Eq. (3). Such a model encompasses a large variety of phys-
ical situations and its investigation aims at bringing to light
the existence of static and dynamical properties useful to in-
terpret the physical behaviour of a pair of two coupled three
12
state quantum systems, regardless of the specific scenario un-
der scrutiny.
Our first central result is that in each point of the wide pa-
rameter space of ˆH, there exist two dynamically invariant sub-
spaces, having dimensions four and five, which namely are the
two only (±1)-eigenspaces of the parity and constant of mo-
tion operator ˆK defined in Eq. (10). This subdivision of the
total nine-dimensional Hilbert space of the system stems from
the invariance of ˆH under a rotation of pi around the z-axis. It
unveils that the quantum dynamics of our system breaks into
that of two fictitious systems, namely a spin-3/2 and a spin-2
whose quantum evolutions are generated by effective Hamil-
tonians acting upon own Hilbert spaces isomorphic to the two
dynamically invariant subspaces of ˆH with parity -1 and +1
respectively.
A careful analysis of the dynamical properties of our sys-
tem in its four dimensional invariant subspace leads to our
second non intuitive and original result. It consists in the fact
that the quantum evolution in such a subspace is exactly trace-
able back to that of two non interacting fictitious spin 1/2’s,
subjected to own, fictitious as well, magnetic fields. Thanks
to such a factorization property, one may thus expect to be
in condition to interpret and to foresee the time evolution of
the two qutrits, prepared in a generic state living in the four
dimensional dynamically invariant subspace of ˆH, exploiting
the underlying and simple to evaluate quantum evolutions of
two decoupled fictitious spin 1/2’s.
This is the reason why most of the paper is dedicated to
investigations of properties exhibited by the system in the in-
variant odd parity subspace, confining in section (VI) consid-
erations on the properties of the system evolving in the invari-
ant even parity subspace.
We demonstrate that the interplay between the quantum dy-
namics of the two spin 1’s and that of the compound system
of the two fictitious spin 1/2’s in the four dimensional sub-
space H− under scrutiny, amounts at the emergence of some
dynamical constraints on the time evolution of some classes
of states and mean values of observables relative to the two
qutrits system. We show indeed the existence of a class of
states of the two qutrits whose given expansion structure in the
standard basis of the odd parity invariant subspace keeps such
initial structure invariant in time. Moreover, we find that the
time evolution of the total magnetization of the two spin 1’s
is expressible in a remarkable simple way in terms of the time
dependent amplitudes of the evolved state with assigned initial
structure. All these results may be easily interpreted adopting
the point of view of the two non interacting spin 1/2’s nested in
the quantum dynamics of the system restricted in H−, whose
time evolution offers the key leading to a full understanding of
the physical origin of the peculiar properties exhibited by our
system when it evolves from any state belonging to the class
described by Eq. (27).
To investigate whether and how the underlying sub-
dynamics of the two non interacting spin 1/2’s impose con-
straints on the time evolution of the entanglement get estab-
lished between the two qutrits when they are initially prepared
in a pure state of H− we have studied the negativity bring-
ing to light the existence of an upper limit equal to 1/2. The
origin of such a bound is strictly related to the specific four
factorized (standard basis) states of the nine-dimensional total
Hilbert space of the two spin 1, generating the four dimen-
sional subspace H−. In turn this fact brings to light the role
of the C2-symmetry possessed by ˆH, responsible for the exis-
tence of the two specific dynamically invariant subspaces.
It is of relevance to emphasize that our model could be
extended even including non linear terms without breaking
such C2-symmetry of the Hamiltonian, thus originating once
again the subdivision of the total Hilbert space found with
our model. The circumstance that the restriction of ˆH into
H− may be mapped into a model of two non interacting spin
1/2’s is instead directly linked to the specific model adopted in
this paper, meaning that in presence of appropriate non linear
terms, added to our model, the two spin 1/2’s would interact.
Once more, we may take advantage of such a mapping also
from a dynamical point of view, foreseeing the existence of
special classes of non stationary states of the two qutrits man-
ifesting peculiar entanglement properties both static and dy-
namical. We are thus led to the four classes of states of H−,
given in Eq. (52), evolving with an admissible Bohr frequency
only showing that each class possesses a lower non vanishing
bound of negativity, too, besides the common upper bound.
The paper reports an analysis revealing the region of the pa-
rameter space of ˆH wherein a state of minimum negativity
evolves periodically oscillating between this initial value and
1/2. In particular we succeed in constructing non stationary
states of ˆH whose negativity keeps the value 1/2 at any time
instant.
In section (VI) we have shown that, under specific relations
among the the parameters appearing in ˆH, the underlying dy-
namics of the effective spin 2 system can be exactly solved.
Recently it has been reported a systematic approach for
generating exactly solvable quantum dynamics of a single spin
1/2 subjected to a time dependent magnetic field. The present
work then suggests that the appearance of nested spin 1/2 sub-
dynamics in H−, being treatable in the time dependent case,
may led to the construction of exactly solvable time depen-
dent scenarios wherein the two qutrits are subjected to two
generally different non-constant magnetic fields.
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Appendix A: Eigenvectors of the four dimensional dynamics
The eigenvectors of the four dimensional block, in terms of
the two spin 1 standard basis states, are
|ψ1〉= 1N
[
ε1ε2|10〉+ ε1γ∗2 |01〉+ γ∗1 ε2|0− 1〉+ γ∗1 γ∗2 |−10〉
]
(A1a)
|ψ2〉= 1N
[
ε1γ2|10〉− ε1ε2|01〉+ γ∗1 γ2|0− 1〉− γ∗1 ε2|−10〉
]
(A1b)
|ψ3〉= 1N
[
γ1ε2|10〉+ γ1γ∗2 |01〉− ε1ε2|0− 1〉− ε1γ∗2 |−10〉
]
(A1c)
|ψ4〉= 1N
[
γ1γ2|10〉− γ1ε2|01〉− ε1γ2|0− 1〉+ ε1ε2|−10〉
]
(A1d)
where the quantity ε j ( j = 1,2) is related to the parameters
appearing on the Hamiltonian model (3) as follows
ε j =
h¯
(
ω1− (−1) jω2
)
2
+E j (A2)
and N = N1N2 is the normalization factor with
N1 =
√
ε21 + |γ1|2 N2 =
√
ε22 + |γ2|2 (A3)
and finally γ1 and γ2 are given in Eqs. (15).
The relative eigenvalues are given in the text in Eqs. (20)
and (21).
In view of the reinterpretation of the four dimensional sub-
dynamics in terms of two decoupled spin 1/2’s, as explicitly
made in Eq. (23), the four eigenvectors of the dynamics under
scrutiny may be written as factorized states of the two ficti-
tious spin 1/2’s as given in Eq. (26) where the eigenstates
of single spin 1/2 of ˆH1 (|ψ11〉 and |ψ12〉) and ˆH2 (|ψ21〉 and
|ψ22〉) are
|ψ11〉= ε1|+〉1 + γ
∗
1 |−〉1
N1
(A4a)
|ψ12〉= γ1|+〉1− ε1|−〉1N1 (A4b)
|ψ21〉= ε2|+〉2 + γ
∗
2 |−〉2
N2
(A4c)
|ψ22〉= γ2|+〉2− ε2|−〉2N2 . (A4d)
Appendix B: Time dependent coefficients of the specific
structure non changing in time
The time dependent coefficients of the state |Ψ(t)〉 in (30)
take the form
a(t) = a k+1 (t)+ b k
′+
1 (t) b(t) = a k
−
1 (t)+ b k
′−
1 (t)
c(t) = c k+2 (t)+ d k
′+
2 (t) d(t) = c k
−
2 (t)+ d k
′−
2 (t)(B1)
where
k+j (t) =
ε2j e
− ih¯ E jt + |γ j|2e ih¯ E jt
ε2j + |γ j|2
(B2a)
k−j (t) =−2i
ε jγ j
ε2j + |γ j|2
sin2
(E j
h¯ t
)
(B2b)
k′+j (t) =−2i
ε jγ∗j
ε2j + |γ j|2
sin2
(E j
h¯ t
)
(B2c)
k′−j (t) =
|γ j|2e− ih¯ E jt + ε2j e
i
h¯ E jt
ε2j + |γ j|2
(B2d)
Appendix C: Eigenvectors and Eigenvalues of the five
dimensional dynamics
For γz = 0 the secular equation relative to H˜+ becomes a
bi-quadratic equation and so it can be solved exactly. In this
instance the eigenvectors read (a/b↔±)
|ψ5〉=− γ1|11〉− Ω+Ω− γ2|1− 1〉+ h¯Ω+|00〉+
+
Ω+
Ω−
γ∗2 |−11〉+ γ∗1 |−1− 1〉 (C1a)
|ψ6/7〉=−
1
γ1
[
(γx− γy)2 +(γxy + γyx)2∓E6(h¯Ω+±E6)+
+
γ2γ∗2
(∓h¯Ω+−E6)
h¯Ω−−E6 +
γ2γ∗2
(∓h¯Ω+−E6)
−h¯Ω−−E6
]
|11〉+
+
γ2(∓h¯Ω+−E6)
±h¯Ω−−E6 |1− 1〉+
(
h¯Ω+±E2
)
|00〉+
+
γ2(∓h¯Ω+−E6)
∓h¯Ω−−E6 |−11〉+ γ1|−1− 1〉 (C1b)
|ψ8/9〉=−
1
γ1
[
(γx− γy)2 +(γxy + γyx)2∓E8(h¯Ω+±E8)+
+
γ2γ∗2
(∓h¯Ω+−E8)
h¯Ω−−E8 +
γ2γ∗2
(∓h¯Ω+−E8)
−h¯Ω−−E8
]
|11〉+
+
γ2(∓h¯Ω+−E8)
±h¯Ω−−E8 |1− 1〉+
(
h¯Ω+±E4
)
|00〉+
+
γ2(∓h¯Ω+−E8)
∓h¯Ω−−E8 |−11〉+ γ1|−1− 1〉 (C1c)
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with relative eigenvalues
E5 = 0 (C2a)
E6 =−
{
h¯2(ω21 +ω22 )+ 2
[
γ2x + γ2y + γ2xy + γ2yx−
−
(
(h¯2ω1ω2)2 + 4h¯2ω1ω2(−γxγy + γxyγyx)+
+(γ2x + γ2y + γ2xy + γ2yx)2
) 1
2
]}1/2
(C2b)
E7 =−E6 (C2c)
E8 =−
{
h¯2(ω21 +ω22 )+ 2
[
γ2x + γ2y + γ2xy + γ2yx+
+
(
(h¯2ω1ω2)2 + 4h¯2ω1ω2(−γxγy + γxyγyx)+
+(γ2x + γ2y + γ2xy + γ2yx)2
) 1
2
]}1/2
(C2d)
E9 =−E8 (C2e)
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